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Let (Q, 2, p) be a complete finite measure space, let X be a Banach space, and 
let S be the Stone space of the measure algebra Z/n-‘(O). We define strict 
topologies /I1 and pz on C(S, X:), the space of continuous functions from S into 
X* with the Mackey topology. Using a differentiation criterion for vector measures 
involving a strong form of bounded variation, we show that the dual spaces 
(C(S, X:), /It)’ and (C(S, .I’,*), p2)’ can be represented as L,(p, X), the space of 
Bochner integrable X-valued functions on Q. Finally, we characterize the subsets of 
L,(p, X) which are equicontinuous with respect to the 8, and /I2 topologies. 
c 1991 Academic Press, Inc. 
1. INTRODUCTION 
The theory of strict topologies grew out of the desire to express certain 
spaces of measures as duals of corresponding spaces of continuous func- 
tions. Our desire here is to consider those measures which take their values 
in a Banach space X and which can be identified-via integration-with 
the space L,(p, X) of Bochner integrable X-valued functions. Basic results 
on the strict topology for spaces of vector-valued continuous functions can 
be found in [2, lo]. Our main reference for the theory of vector measures 
and Bochner integrable functions is the book of Diestel and Uhl [3]. 
A major goal of this paper is to use a differentiability criterion 
(Lemma 2.2) to represent L,(p, X) as the dual of an appropriate space of 
continuous functions with an appropriate strict topology. To that end, we 
consider a space of continuous functions which can be viewed as a sub- 
140 
0022-247X/91 $3.00 
Copyright Q 1991 by Academrc Press, Inc 
DUALREPRESENTATION FOR L,(/l,x) 141 
space of the dual of L,(p, X). Let S be the Stone space of the measure 
algebra Z/p- ‘(0) and denote by C( S, X$) the space of continuous func- 
tions from S into X* with the weak* topology 0(X*, X). Using the Stonian 
transform techniques of D. Sentilles [S], one can show that C(S, X$) is 
isomorphic to L,(p, X)* = L,(p, X*, X), the space of (w*-equivalence 
classes of) bounded, X*-valued, w*-measurable functions on 52. In 
Section 3, we introduce the strict topologies j3r and b2 on C(S, Xp), a 
subspace of C(S, Xz*). With the help of the differentiability criterion, 
Section 4 reveals that L,(,u, X) can be represented as either (C(S, XT), Br)’ 
or (C(S, XT), b2)‘. The definitions of the topologies j3r and b2, as well as 
the techniques used to represent L,(p, X) as the strict dual of C(S, X:), 
were originally developed in [ 111, and are studied in detail in [6]. 
In Section 5, we consider the subsets of L,( p, X) which are equi- 
continuous with respect to the strict topologies b1 and fi2. In addition to 
their importance to the Mackey problem, these subsets turn out to have 
some interesting connections to the subsets of L,(p, X) which are relatively 
compact in the weak topology a( L,( p, X), L,( p, X)*). These issues will be 
examined in a future paper. 
2. A DIFFERENTIATION CRITERION 
Let (Sz, C, p) be a finite measure space, let X be a Banach space, and let 
F: C-+X be a vector measure. The variation of F is the extended non- 
negative set function 1 FJ defined for each A E 2 by 
JFI (A) = sup f jjF(Ai)ll: {Aj}~=, is a C-partition of A . 
i=I 
F is said to be of bounded variation if IFI (Q) < co. A stronger notion of 
vector measure variation can be introduced which is closely related to the 
p-variation of a vector measure considered by Wells [lo]. Given a subset 
L of X, the L-variation of F is the extended non-negative set function I FI L 
defined for each A E .Y by 
l&(A)=sup{ f I<Wi),xi*)l: 
i=l 
{ Ai) yz, is a Z-partition of R, (x7 :);=*CL” 1. 
F is said to be of bounded L-variation if 1 FJ L (9) < co. The following 
properties involving bounded L-variation will be useful later. 
409/155’1-10 
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THEOREM 2.1. Let F: C + X he u vector measure which is bounded in 
L-variation for some subset L of X. 
(I) IfIFIL(Q)=3., then {F(A): AEZ}C;~L”“. 
(2) If M is another subset of X with L c ?M for some y > 0, then 
IFI M (Q) 6 y IFI L (Q) and so F is of bounded M-variation. 
(3) If L is bounded, then F is of bounded variation in the usual sense. 
If L = B,, then in fact (F 1 L (Q) = 1 Fl (Q) and so F is qf bounded L-variation 
iff it is of bounded variation. 
(4) For each AEC, IFI (A)=0 only zf lFIL (A)=O. Zf L is bounded, 
then the converse implication holds as well. 
(5) If L is bounded and F is countably additive and u-continuous, then 
IFI; is a finite, countably additive, u-continuous scalar measure on Z. 
Proof (l), (2), (3), and (5) are easily verified. 
(4) The “only if” direction is clear from the definitions of IFI and 
IFIL. If L is bounded, then B,. c yL” for some y > 0. Thus, if lFlr (A) = 0, 
then I(F(A),x*)J=O for all ~*EB x* and it follows that F(A) =O. Note 
that this converse does not hold if L is not bounded. Consider, for 
example, X= L =R with (Q, C, p) the Lebesgue measure on [0, 11. In 
this case, L” = { 0) and so 1~1 L (A ) = 0 for all A E C. 1 
For certain choices of the subset L, there is a close relationship between 
vector measures of bounded L-variation and differentiability. The following 
lemma establishes this relationship. 
LEMMA 2.2 (Differentiation Lemma). Let F: C + X be a countabfy 
additive, p-continuous vector measure of bounded variation. Then the 
following are equivalent: 
(a) F is differentiable (i.e., there is a function f E L,(u, X) such 
F(A) = JA f dp for all A EC). 
(b) There is a norm compact subset K of X such that F is of bounded 
K-variation, 
(c) There is weakly compact subset L of X such F is of bounded 
L-variation. 
Proof (a)=(b) Let f E L,(p, X) be such that F(A)=f, f dp for all 
A E C. Since L, ( ,u, X) = L,(p) 6 X, there is an c1= (aj),Z I E I,, a sequence 
(g,}i”, i of functions in L,(p) with II g/- II < 1 for all Jo N and II g, II + 0, and 
a sequence (x,},?? i in X with l/xi II < 1 for all Jo N and l/xi (I + 0 such that 
f(o)=cz, czjgj(o)xi for all o~s2 [S]. Let K= {xj}p”=,u {O), a norm 
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compact subset of X. Then for any E-partition {Ai};=, of Sz and any 
collection (x7 } y= I c K”, 
Thus, 1FlK (Q) < llclll < cc. 
(b) * (c) Obvious. 
(c)*(a) Using Theorem 2.1(2), one can assume without loss of 
generality that L is absolutely convex. We apply the Rieffel criteria (see [ 1, 
p. 23, Theorem 2.2.61) to show that F is differentiable. That is, given E > 0, 
we show that there is a set Q, E C such that p(Q\Q,) < E and the average 
range AW’IznQc ) is relatively weakly compact in X. According to 
Theorem 2.1(5), 1 FJ L is a finite, countably additive, p-continuous scalar 
measure on Z. Thus, there is ageL,( such that lFIL(A)=J, gdp for 
all A ~2. Let E > 0 and choose 52, E Z such that p(Q\Q,) < E and 
gXn,EL,(p). Then for any AeZnQ,, 
IFIL(A)GAA) Ilgxn,ll,. 
Theorem 2.1( 1) and the bipolar theorem now show that 
F(A) - E II mn,ll 00 L 
P(A) 
for all A EC n Q2,. Thus, AR(FI,,,J c lIgXn,J, L and the result 
follows. i 
In light of Lemma 2.2 and the fact that the Mackey topology z on 
X* is the topology of uniform convergence on weakly compact subsets 
of X, it is perhaps not unreasonable to expect that Xp would have some 
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connection to those X-valued vector measures which are differentiable with 
respect to /A. This is indeed the case since strict topologies /?, and b2 can 
be defined on the space C(S, ,I’:) in such a way that (C(S, XT), /I, )’ = 
(C(S, JCL IL)‘= L,h w. 
3. STRICT TOPOLOGIES ON c‘(S,XJ") 
Let S be the Stone space of the measure algebra C/p ‘(0) and let T 
be a dense, o-compact, locally compact subset of S. Denote by 
(CJT, X,*)) C(S, X,*) the space of (bounded) continuous functions from 
(T)S into X* with the Mackey topology $A’*, A’). Since the Mackey 
topology r on X* is the locally convex topology generated by the family of 
semi-norms 
P = { pL: L is a weakly compact subset of X}, 
where pL is defined for each x* E A’* by 
PAX*) = sup I (x, x* > I, 
x E L 
one can consider the strict topologies BP, on C,( T, A’,*) for pL E P as 
defined in the following way. For each h E C,(T) and pL E P, define the 
semi-norm 11. I(h,L on C,( T, XF) by 
II gll ,t,L = sup p&(t) g(r)) = sup Ih(t)<x, g(t))1 
ttr t.cT.xeL 
for each g E C,( T, XF). For fixed pL E P, denote by p,, the locally convex 
topology on C,( T, X,*) generated by the family of semi-norms { 1). /jh, L: 
h E C,(T)}. To indicate its dependence on the subset T, we write PTL = /I,,. 
Likewise, one can consider the topology /IT defined on C,( T, A’:) by 
87. =lim bTL: 
-r 
the projective limit of the topologies PTL as L runs over all weakly compact 
subsets of X. The topology PT is nothing more than Buck’s strict topology 
P on C,(T, Jf,*). 
Since C(S, XF) can be thought of as a linear subspace of C,( T, A’:), /lTL 
and BT will also denote the subspace topologies on C(S, X:). More specifi- 
cally, for a weakly compact subset L of X, the topology fiTL on C(S, X,*) 
has a defining base of semi-norms given by ( 11. Ilh.L: h E C,(T)}, where 
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II.llh,L is defined for each g E C(S, X,* ) as above. Similarly, the topology bT 
on C(S, Xz) has a defining base of semi-norms given by 
ol-llh,L: h E C,(T), L is a weakly compact subset of X>. 
The strict topology /Ii on C(S, Xg”) is now defined to be the inductive 
limit of the topologies /IT as T runs over all dense, o-compact, locally com- 
pact subsets of S. Thus, 
A=lif? BT=ybD BTL) 
L 
and it is the finest locally convex topology on C(S, X:) which is coarser 
than BT for each T. 
It is natural to inquire about the topology that results from reversing the 
order of the inductive and projective limits in the definition of /?i. To that 
end, fix a weakly compact subset L of X and define the topology /IL on 
C(S, XF) by 
BL = lim BTL, 
1 
the inductive limit of the topologies /ITL as T runs over all dense, 
o-compact, locally compact subsets of S. Finally, define the strict topology 
fi2 on C(S, XF) to be the projective limit of the topologies /IL as L runs 
over all weakly compact subsets of X. Thus, 
p2++n pL=b (l&l flTL) 
L T 
and it is the coarsest locally convex topology on C(S, X,*) which is liner 
than /IL for each L. 
The following theorem records some interesting facts about the rela- 
tionships among the various strict topologies on C(S, X,*). 
THEOREM 3.1. (1) BL<BTL</IT and flL<Pz</3,</IT for any dense, 
u-compact, locally compact subset T of S and any weakly compact subset L 
ofx. 
(2) Zf (Sz, C, p) is purely atomic, then there is a dense, o-compact, 
locally compact subset TO of S such that p2 = flTO = /I,. 
(3) If X is reflexive, then j?> = fiLo = fi,, where L, = B,. 
(4) If X is reflexive and (Q, C, p) is purely atomic, then there is a 
dense, a-compact, locally compact subset TO of S such that /?z = BTOLo = /?, , 
where LO = B,. 
Proof (1) The relationships pL < p TL < PT, bL d 82, and PI < flT fdh 
directly from the inductive and projective limit definitions of these 
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topologies. We show that pz d j,. Let U be a ,8,-neighborhood of zero in 
C(S, X,*). Then U is a fi,-neighborhood of zero for some weakly compact 
subset L of X and so U is a /I.,-neighborhood of zero for each dense, 
a-compact, locally compact subset T of S. Thus, Ii is a fl,--neighborhood 
of zero for each such T and hence U is a /Ii-neighborhood of zero. 
(2) Since (Q, C, p) is purely atomic, it has a maximal pairwise 
disjoint family of atoms. Moreover, this family is necessarily countable 
since the measure space is finite. Thus, the measure algebra corresponding 
to (Q, C, p) is isomorphic to that of (N, P(N), C,y=, c, 6,) where 
C,“=, Ic,I < co. Since S= St(N) = BN, T,, = N is the minimal dense, 
o-compact, locally compact subset of S. It follows that 
(3) Since X is reflexive, Lo = B, is a weakly compact subset of X 
which generates the Mackey topology on X*. 
(4) Combine (2) and (3). 1 
Theorem 3.1 raises several questions. First, if (Q, Z, ,u) is not purely 
atomic, is it still possible to find a single dense, o-compact, locally compact 
subset To of S for which /IT, = fl, ? The following example shows that it 
need not be possible, even if X is reflexive. 
EXAMPLE 3.2. Let (52, Z:, p) be a measure space which is not purely 
atomic, let X be reflexive, and let T be a dense, a-compact, locally compact 
subset of S. Let $ be the regular Bore1 measure on S corresponding to p. 
We show that there is a dense, a-compact, locally compact subset F of S 
such that Tc T and BF is strictly coarser than /IT. Thus, B, is strictly coar- 
ser than /IT. Write T= lJ,“= i T,,, where the T, are pairwise disjoint com- 
pact-open subsets of S. Since (52, C, cl) is not purely atomic, there is a k E N 
such that T, properly contains the union of an infinite sequence of pairwise 
disjoint compact-open sets, { pH}:=, say. Without loss of generality, one 
can assume that lJ,“= r p,, is dense in T,. Define F= (T\T,) u (iJ,“= , Tn) 
and note that pc T. Define h: T-+ R by h = C,“= i fi(Tn)xTn and let 
L= B,. Then hi C,(T) and the set 
v= {sEc(S, C): sup I(.% h(t) g(t))1 d l} 
IET,XEL 
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is a /I,-neighborhood of zero in C(S, X,*). We show that V is not a /?F~- 
neighborhood of zero. Let z E C,(F) be such that x(t) # 0 for all t E F and 
choose m E N so that jg(t)( < fi( r,) for all t E p,,,. Choose x* E X* such that 
I/x* I( = 1 and define 2: S + X* by 
Then 2 E C(S, X,*). Moreover, if t E T and x E L, then 
I (x, W) s(t)>1 G XTJf). 
So gE (gEC(S, A’,*): IIgllh,L< l}. But if tE TM, then 
@(T/J 
sup I (x, h(t) f(t))1 = - lIx*ll > 1. 
XE L Iml 
So S$ V and it follows that there is no basic /?T-neighborhood of zero in 
C(S, X,*) which is contained in V. Thus, V is not a fiT-neighborhood of 
zero in C(S, X:). 1 
The second question raised by Theorem 3.1 is whether or not there 
are other classes of Banach spaces for which flr.=j2 for some weakly 
compact subset L. The likely candidates are those Banach spaces which are 
strongly weakly compactly generated (SWCG). This term, introduced by 
G. Schliichtermann and R. Wheeler [9], refers to those Banach spaces X 
for which there is a weakly compact subset L of X with the property that 
whenever A4 is a weakly compact subset of X and E > 0, there is an n E N 
with &?c nL + EBB. Reflexive spaces and separable Schur spaces are both 
examples of SWCG spaces. The second question can now be phrased in the 
following way: If X is an SWCG space with L a strongly generating weakly 
compact subset of X, is it true that pL = /12? The next example indicates 
that this is not true in general, even for purely atomic measure spaces. 
EXAMPLE 3.3. Let X= I, (an SWCG space) and let L be a weakly com- 
pact subset of A’. We show that there is a weakly compact subset M of X 
such that L c M and fiTL is strictly coarser than jITM for each dense, 
a-compact, locally compact subset T of S. Thus, pTL is strictly coarser than 
pT for each such T and, in case (Q, C, p) is purely atomic, /IL is strictly 
coarser than jIZ = pi. Since L is weakly compact in I,, there is a decreasing 
sequence of positive real numbers { c,}F= I such that lim, _ o. c, = 0 and 
Lc {xEZ,: C,“=, lxkJ <c,, n= 1, 2, . ..}. Without loss of generality, we 
may assume that 0 < c, < 1 for all n E N. Let M= (x E I, : z;= n lxkl < 6, 
n = 1, 2, . . . }. Then A4 is weakly compact in I, and L c M. Now let T be any 
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dense, a-compact, locally compact subset of S and write T= U,:;= , T,,, 
where the T,, are pairwise disjoint and compact-open subsets of S. Define 
h: T-+R by h=C,“=, ,,,<x~,,. Then ~EC,(T) and the set 
is a /?,-neighborhood of zero in C(S, (I,, 5)). We show that V is not a 
/?..-neighborhood of zero in C(S, (I,, 7)). Let KE C,(T) be such that 
h”(t) # 0 for all t E T and choose m E N so that Iil( < 1 for all t E T,,?. 
Define S: S -+ I, by 
Then g E C(S, (I,, t)). Moreover, if x E L, say x = (x1, x2, . ..) with 
C,“=,, lxkl <c, for all HEN, and if tc-z T,,,, then 
So 2 E {g E C(S, (L, 2)): Ilgllh.L G 11. But if Y = CA - &, 





So 2 $ I/ and it follows that there is no basic p,-neighborhood of zero in 
C(S, (Lo, T)) which is contained in I/. Thus, V is not a B..-neighborhood 
of zero in C(S, (I,, z)). 1 
Finally, Theorem 3.1 leads one to ask if there are examples of non- 
reflexive Banach spaces for which the topologies /I1 and /?* agree even 
if (62, C, p) is not purely atomic. The answer to this question is not 
DUAL REPRESENTATION FOR L1(&x) 149 
known. However, it can be shown that the fl, and p2 duals of C(S, X,*) 
are the same. In fact, as we will see in the next section, both duals can be 
represented as L 1 (u, X). 
4. THE STRICT DUALS OF C(S,X,*) 
The first step in identifying the strict duals of C(S, Xg”) is to recognize 
that they are the same as the strict duals of C,( T, A’:) for any dense, 
a-compact, locally compact subset T of S. This is a consequence of the 
following density result. 
THEOREM 4.1. C(S,X,*) is dense in (C,(T,X,*),bTJ for any dense, 
a-compact. locally compact subset T of S and any weakly compact subset L 
ofx. 
Proof: Note that C,(T) @ X* = C(S) 0 X* c C(S, X,*) c C,( T, J&7). By 
a well-known property of the general strict topology, CJT)@X* is dense 
in (C,(T, Xg”), flTL) [4]. Thus, C(S, X:) is dense also. 1 
Denote by Be(S) the a-algebra of Bore1 sets in S and by M(S) the space 
of regular measures on Be(S). The next result identities the flTL dual of 
C(S, A’,*) as a collection of X-valued vector measures on Be(S). 
THEOREM 4.2. Let T be a dense, a-compact, locally compact subset of S 
and let L be a weakly compact subset of X. Then 
(C(s, JZh PA’= (C,(T X3, Pm,)’ 
= {F: Be(S) --) XI F is a countably additive vector 
measure of bounded L-variation and IFI (S\T) = O}. 
Proof The first equality follows from Theorem 4.1. By applying [ 10, 
Theorem 11, we see that 
(C,(T, X;), pTL)‘= {F: Be(T) + X( x* 0 F=F,,EM(T) 
for all x* E X* and F is of bounded 
L-variation}. 
The requirement hat x* 0 FE M(T) for all x* E X* simply says that F must 
be weakly countably additive. The Orlicz-Pettis Theorem [3, p. 22, 
Corollary 43 now shows that such an F must be norm countably additive. 
The result follows by extending F to Be(S) and noting that for each 
AEBo(S), IFIr.( iff IFI (A)=0 by Theorem2.1(4). 1 
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It now follows easily from the definitions of br and 8, that 
= {F: Be(S) + X/ Fis a countably additive vector 
measure of bounded L-variation for some weakly 
compact subset L of Xand IFI (S\T) = 0) 
and 
(C(S, -c), PLY = (C,(T, K), PLY 
= (F: Bo(S)-+XIF is a countably additive vector 
measure of bounded L-variation and IFJ (S\T) = 0 for 
each dense, o-compact, locally compact subset T of S}. 
Since the vector measures encountered in Theorem 4.2 are countably 
additive and of bounded L-variation, the only property which prevents 
them from being identified with functions in L,(p, X), via Lemma 2.2, is 
the possibility that they are not p-continuous. This difftculty disappears 
when the topologies under consideration are PI and /12. 
THEOREM 4.3. (C(S, XT), fil)‘= (C(S, A’,*), &)‘= L,(p, X). 
ProoJ Since fil is the inductive limit of the oT topologies, 
(c(s, ~3, bd’= n (c(s, ~3, ~~1’. 
T 
Likewise, since flz is the projective limit of the fiL topologies, 
(as, C), ad’ = IJ (C(X XT), PLY. 
L 
It follows that 
(C(S, Cl, P1)‘= (C(f% X,*)2 Pd’ 
= {F: Be(S) -+ X( F is a countably additive vector measure 
of bounded L-variation for some weakly compact subset 
IL L of X and 1FJ (S\ T) = 0 for each dense, o-compact, 
locally compact subset T of S}. 
Since a Bore1 set in S is nowhere dense iff it has b-measure 0, the last con- 
dition simply requires that each FE (C(S, XyC), /I,)’ be $-continuous. Thus, 
by applying Lemma 2.2 to the measure space (S, Be(S), fi), we see that 
(C(S, X:), fir)‘= L,(p, X). The natural correspondence between L,(ji, X) 
and L,(p, X) now yields the desired result. 1 
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The actual correspondence between measures in (C(S, Xz), pi) and 
functions in L,( CL, X) can be described in the following way. Let 
FE(C(S, X,*), /Ii)‘, let f~L,(ji, X) be the function guaranteed by 
Lemma 2.2 such that 
F(B) = I, f 4, BEBo(S), 
and let f be the corresponding function in L,( p, X). Fix B E Bo( S). Then 
there is a unique clopen subset &’ of S such that fi(& n B) = 0. Let A be 
a set in C corresponding to &. Then 
Thus, by associating to each B E Be(S) a set A E C, F can be identified with 
the vector measure defined by f: 
An important class of subsets of L,( p, X) surfaces when L,( p, X) is 
viewed as a strict dual of C(S, XF), namely, the subsets of LI(uL, X) which 
are equicontinuous with respect to a strict topology on C(S, XF). In the 
following section, we develop characterizations for the fli- and 
j,-equicontinuous subsets of L,(p, X) which are closely related to the 
underlying measure space (Q, ,Z’, p). 
5. STRICTLY EQUICONTINUOUS SUBSETS OF L,(p,X) 
Each of the characterizations presented below relies on a slight modilica- 
tion of a result due to Khurana [7]. It is restated here in its new form. 
THEOREM 5.1. Let T be a dense, a-compact, locally compact subset of S, 
let L be a weakly compact subset of X, and let K be a subset of 
(C( S, XT), /I TL)‘. Then K is /I ,-equicontinuous if and only if 
(1) supFEK IFIr. (S)< og (i.e., K is uniformly bounded in L-variation) 
and 
(2) for each E >O, there is a compact subset D of T such that 
IFI, (S\D) < E for all FE K (i.e., K is uniformly TL-tight). 
ProoJ By Theorem 4.2, JFI (S\T) =0 for each FE (C(S, X,*), pTL)‘. 
But IFI (S\T)=O implies IFJL (S\T)=O by Theorem 2.1(4). Thus, 
lFlL (S\D) = IFI, (T\D) for any FE (C(S, X:), pTL)’ and any compact 
subset D of T. Moreover, (C(S, X,?), j?J’ = (C,( T, A’,*), pTL)’ by 
Theorem 4.2. The result now follows from [7, corrected Lemma 31. 1 
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COROLLARY 5.2. Let T he a dense, u-compact. locally compact subset of’ 
S and let K be a subset qf (C(S, X:), br)‘. Then K is /Ir-equicontinuous (ff 
there is a weakly compact subset L of X such that K is unijormly bounded 
in L-variation and uniformly TL-tight. 
Proof: /IT is the projective limit of the /37.L topologies on C(S, .A’,*). 1 
By looking at sequences of clopen subsets of S, the property of being 
uniformly TL-tight can be viewed as a type of uniform countable additivity 
for the L-variations of the vector measures in K. This is especially evident 
in the characterization of the /?,-equicontinuous ubsets of (C(S, Xp), /I,)‘. 
THEOREM 5.3. Let K be a subset of (C(S, Xp), p,)‘. Then the following 
are equivalent: 
(a) K is fi,-equicontinuous. 
(b) For each dense, o-compact, locally compact subset T of S, there is 
a weakly compact subset L of X such that K is both untformly bounded in 
L-variation and uniformly TL-tight. 
(c) For each sequence { dH >,Z"= , of pairwise disjoint c/open subsets of 
S, there is a weakly compact subset L of X such that K is uniformly bounded 
in L-variation and for each E >O there is an nOE N such that 
for allm>n>n, and FEK. 
(d) For each increasing sequence {sB,},E=, of clopen subsets of S, 
there is a weakly compact subset L of X such that K is untformly bounded 
in L-variation and 
uniformly for FE K. 
Proof: (a)o (b) This follows from Corollary 5.2 and the fact that /3, is 
the inductive limit of the p7. topologies. 
(b)=(c) Let {4),El b e a pairwise disjoint sequence of clopen 
subsets of S and let 
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be a clopen subset of S. Set 
T= (S\d)u c dn . 
( > n=1 
Then T is a dense, a-compact, locally compact subset of S. By (b), there 
is a weakly compact subset L of X such that K is uniformly bounded in 
L-variation and uniformly TL-tight. Let E > 0 and choose a compact subset 
D of T so that IFI L (S\D) <E for all FE K. Since D is compact and covered 
by the open sets (S\d), s4,, -c4,, .. . . there is an 120~ N such that 
Thus, for FEK and m>n>n,, 
(c) * (d) Straightforward. 
(d) + (b) Let T be a dense, a-compact, locally compact subset of S. 
Write T= U,“= , T,,, where each T,, is compact-open and T, c T, c . . . 
Then { T,,}z= I is an increasing sequence of clopen subsets of S with 
S= [ T,,. 
n=l 
By (d) it follows that there is a weakly compact subset L of X such that 
K is uniformly bounded in L-variation and 1 FI L (S\T,) --+ 0 as n + cc 
uniformly for FEK. Let E>O and choose ~,EN so that lFIL(S\T,)<& 
for all n > n, and FE K. Take D = T,zO to obtain IF], (S\D) < E for all 
FEK. 1 
Condition (c) of Theorem 5.3 can be simplified considerably in the 
characterization of the fl,-equicontinuous subsets of (C(S, X:), BL)’ since, 
in this case, a single weakly compact subset of X works for each sequence 
of pairwise disjoint clopen subsets of S. 
THEOREM 5.4. Let L be a weakly compact subset of X and let K be a 
subset of (C(S, X,*), BJ. Then the following are equivalent: 
(a) K is P,-equicontinuous. 
(b) K is uniformly bounded in L-variation and uniformly TL-tight for 
each dense, a-compact, locally compact subset T of S. 
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(c) K is uncformly bounded in L-curiution and, ,for euch sequence 
{ d,},F= , of pairbvise disjoint clopen subsets of S, 1 FI ,. (.G&) + 0 as n + x 
untformlAv for FE K. 
(d) K is Mformly bounded in L-variution and, for each increasing 
sequence (4,},~=, of clopen subsets qf’ S, 
unlyormly for FE K. 
Proof: Similar to the proof of Theorem 5.3. 1 
The final result of this section is an immediate consequence of the fact 
that /?Z is the projective limit of the ljL topologies. Combined with 
Theorem 5.4, it yields a characterization for the /?,-equicontinuous subsets 
of L,(P> w. 
THEOREM 5.5. Let K be a subset of (C(S, Xp), p2)‘. Then K is 
/?,-equicontinuous iff it is I,-equicontinuous for some weakly compact subset 
LofX. 
When referring to subsets of L,(p, X), it is convenient to make certain 
modifications to the characterizations presented above. Note first that 
for a function f~ L,(p, X) and a weakly compact subset L of X, the 
L-variation off over a set A E 2 is given by 
{A,}r=,isaZ-partitionofA, {x~*)~~~cL” . 
Now by applying Theorem 5.3(d), a subset K of L,(p, X) is 
PI-equicontinuous if and only if for each increasing sequence {A,,};= I of 
sets in Z, there is a weakly compact subset L of X such that 
(1) supYE K /flL (Q) < co (i.e., K is uniformly bounded in L-variation) 
and 
(2) lflL ((u,?, A,)\A,)+O as 1l--1 co uniformly forfEK. 
A subset K of LI(pL, X) which satisfies these conditions, or the equivalent 
conditions arising from Theorem 5.3(c), will be said to be strictly equicon- 
tinuous. Likewise, using Theorems 5.4(d) and 5.5, a subset K of L,(p, X) is 
b,-equicontinuous if and only if there is a weakly compact subset L of X 
such that 
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(1’) K is uniformly bounded in L-variation and 
(2’) for each increasing sequence PXI of sets in C, 
lfl,((U~=, A,)\A,)+O as n+cc uniformly forfEK. 
A subset K of L,(p, X) which satisfies these conditions, or the equivalent 
conditions arising from Theorem 54(c), will be said to be strongly strictly 
equicontinuous. The distinguishing characteristic between the strictly equi- 
continuous and strongly strictly equicontinuous subsets of L,(p, X) is the 
fact that the L for the former depends on the sequence (A,}:= I while the 
L for the latter is the same for any such sequence. At present, it is not 
known whether or not strictly equicontinuous subsets of L,(p, X) are 
always strongly strictly equicontinuous. Naturally, an answer to this ques- 
tion would also answer the question as to whether or not the topologies j?, 
and b2 always coincide. 
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